By using the free field realizations, we analyze the representation theory of the W 1+∞ algebra with c = 1. The eigenvectors for the Cartan subalgebra of W 1+∞ are parametrized by the Young diagrams, and explicitly written down by W 1+∞ generators.
Introduction
The W 1+∞ algebra [1] appears in many two-dimensional physical systems, for example, quantum gravity [2, 3, 4, 5] and quantum Hall effect [6, 7] . However, we are far from applying the W 1+∞ algebra to these physical systems, since the representation theory of the W 1+∞ algebra has not been understood enough. On the other hand, we know that the W 1+∞ algebra is realized by free fields [8] , as is the case for the W ∞ algebra [9] and its generalizations [10, 11] . The aim of the present letter is to demonstrate that the representation theory of the W 1+∞ algebra is easily investigated by using this free field realization. Although we here exclusively consider the case when the central charge of the W 1+∞ algebra is unity, the generalization of our analysis to other central charges is straightforward, and will be reported elsewhere with the relation of our work with the one by Kac and Radul [12] .
This letter is arranged as follows. In sect. 2, we introduce free fermions and free bosons which play the fundamental role in the analysis of the W 1+∞ algebra. We then in sect. 3 study the representation theory of the W 1+∞ algebra on the basis of the fermionization. This section contains the main results of the letter. In sect. 4, we discuss the bosonization of the W 1+∞ algebra. Sect. 5 is devoted to conclusions.
2. Free fermions, bosons and their correspondence 2.1. We first fix some notations. The free fermion fields
are defined with the anti-commutation relations {ψ r , ψ s } = δ r+s,0 , {ψ r , ψ s } = {ψ r ,ψ s } = 0, and thus satisfy the following OPE relations:
Here {A, B} = AB +BA, and (1−x) −1 = n∈Z≥0 x n . We denote by
• the fermionic normal ordering defined as
, where A r and B r are ψ r orψ r , and θ(P ) is a step function such that θ(P ) = 1 if the statement P is true, otherwise zero.
The fermion Fock space F is spanned by the vectors
where |0 is the highest weight vector such thatψ r |0 = ψ r |0 = 0 for r > 0. 
The free boson field
Therefore, we have the relation F = ⊕ N∈Z B(N ).
3. The W 1+∞ algebra 3.1. The W 1+∞ algebra with central charge c = 1 [13] is nothing but the algebra of "local" bilinears of fermions; the generating currents
algebra are defined as follows:
with arbitrary constants c k p,q,t ∈ C. Or equivalently, 
2) † The W 1+∞ algebra spanned by the generators W k n in eq. (3.1.1) is a subalgebra of gl(∞). In particular, the W 1 (z) is the time evolution generator of KP hierarchy [14] .
with some constants g k,s,ℓ n,m , C k,s n ∈ C. For example, the standard basis for the W 1+∞ generators [13] is
In this basis, the anomaly terms in eq. (3.1.2) are diagonarized, that is to say C k,s n ∝ δ k,s . Moreover, they preserve the hermiticity; namely, if we set
Since the W 1+∞ algebra is a Lie algebra, any basis obtained by the invertible linear transformation from this standerd basis asW 
3.3. The Cartan subalgebra of W 1+∞ is spanned by W k 0 , for which the following equation holds: 
The character formula with x k = 1 for k ≥ 3 was obtained in Ref. [11] .
The right hand side of eq. (3.3.2) can be rewritten as
Thus, by introducing the elementary Schur polynomials as
the full character chL(N ) is now expressed as chL(N ) = n,m∈Z n+m=NP n P m .
We next discuss eigenvectors and eigenvalues for the Cartan subalgebra in L(N ).
Due to eq. (3.3.1), we know that the eigenvectors in L(N ) have the following form:
Here the fermion number of the above state is N , sinceψ and ψ appear the same times.
The eigenvalues are easily calculated by using eq. (3.3.1), and we have the following theorem.
Theorem 3.4. Eigenvectors of the Cartan subalgebra of
(m i +i−1) , and the eigenvalue of |N ; Y is 
, where w k N is the weight of the highest weight vector |N .
Besides the above parametrization Y , we have other expressions for the eigenvectors, for example,ψ 
. . .
The other two expressions for the eigenvectors in eq. (3.4.2) correspond to the following
with f i , g i ∈ Z >0 , respectively:
3.5. We now calculate the eigenvalues explicitly. To do so, we introduce a new basis of W 1+∞ for which the eigenvalues have a simple form;
or equivalently,
For this basis, one can easily obtain
Thus, the eigenvalue of the eigenvector |N ; Y is evaluated as eq. (3.4.1) with 
4. Bosonization of the W 1+∞ algebra 4.1. We now study the representation theory of the W 1+∞ algebra in terms of the free boson field. Since
the generators of the W 1+∞ algebra are realized by the free boson field as follows [2] :
4.2.
LetS n and S n with n ∈ Z be the elementary Schur polynomials defined by
and let χ m,n with m, n ∈ Z be the following operators:
Then we have the following theorem. 
Proof . We consider the generating function of the eigenvectors,
Note that the left hand side can be rewritten in terms of bosons as
Thus, the theorem is obtained if we use the following identity:
Note that the polynomial det χ m i ,n j 1≤i,j≤t is exactly the character polynomial appearing in Ref. [14] as the τ function of the KP hierarchy. 
is realized by the Schur polynomials of bosons as follows:
Proof . We now bosonize the generating function of the eigenvectors as
By using the Vandermonde's determinant
, we obtain the first part of the proposition. The second part is proved similarly.
Conclusion and Discussion
On the basis of the free fermion realization, we have identified the eigenvectors and eigenvalues for the Cartan subalgebra of W 1+∞ with c = 1, which are parametrized by the Young diagrams. Furthermore, we have obtained the full character formula for the
In addition, we wish to make several further comments.
First, in the case of the free boson realization, not only the vector |N with N ∈ Z but also |Λ with Λ ∈ C is the highest weight vector of the W 1+∞ algebra. Since N is treated as an indeterminate variable in deriving the formulas of characters chL(N ) and eigenvectors |N ; Y , we can replace N ∈ Z by Λ ∈ C in the formulas.
Second, the W 1+∞ algebra can also be realized by the bc system with spins λ and In fact, it is achieved simply by replacingψ r and ψ s with b r+ Finally, for other W infinity algebras considered in Ref. [11] , we can easily write down the full characters or the generating functions of them as the theorem 3.3.
